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to � utter, so that the � utter modes H and F consisted of (h1

q1, h3q3) and (f1q1, f3q3), respectively. In contrast, when the
ply angle was 210 deg, all three modes contributed to � utter
mode, so that H and F consisted of (h1q1, h2q2, h3q3)
and (f1q1, f2q2, f3q3), respectively. It can be concluded that
modal interchanges can and will signi� cantly alter the � utter
speed and associated � utter mode of a composite wing in an
uncharacteristic way, in which it is possible to observe sudden
jumps or discontinuities in � utter speeds as a result of chang-
ing the ply orientations in a laminate.
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Minimum-State Approximation:
A Pure Lag Approach
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Introduction

E XACT linear, time-invariant, � nite state representation of
the equations of motion for a � exible aircraft is, in gen-
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eral, rendered impossible by the presence of transcendental
functions that arise in the description of the unsteady airloads
acting on the aircraft. However, strong motivation exists for a
linear, time-invariant, � nite state representation because of the
ease of solution of such systems as a consequence of the avail-
ability of ef� cient linear solvers. Rational function approxi-
mations (RFAs) to the unsteady airloads in the Laplace domain
provide one method of allowing such a representation, albeit
at the cost of an increased state vector dimension because of
the appearance of additional states called aerodynamic lag
states. These lag states are related to the basic system states
through linear ordinary differential equations. Various stud-
ies1– 3 on rational function approximations have established the
existence of a tradeoff between the accuracy of the � t and the
number of additional (lag) states in the state vector. Of these,
the minimum-state approximation,2 termed the conventional
minimum-state (CMS) approximation in this Note, appears to
provide the best tradeoff, though at substantially increased
computational costs. This Note is concerned with an improved
form of the minimum-state approximation.

A major shortcoming of many existing RFAs1– 3 is their in-
ability to fully isolate quasisteady and unsteady aerodynamic
effects. In particular, the structure of these RFAs does not al-
low for the identi� cation of any single coef� cient as the quasi-
steady aerodynamic damping matrix. Further, while the form
of these approximations seems to suggest that the � rst three
terms in the approximation are completely representative of
the quasisteady aerodynamics, this is not the case if one or
more lag poles are included in the approximation. This obser-
vation is of considerable signi� cance from the point of view
of model order reduction through residualization techniques4,5

and provides motivation for the development of a form of the
approximation wherein the quasisteady and unsteady terms are
decoupled. Further motivation for the isolation of quasisteady
and unsteady aerodynamic terms comes from the need to have
a form of the approximation that allows for easy adjustment
of the � rst three coef� cient matrices in the approximation to
conform to data experimentally obtained from wind-tunnel
tests or from computational � uid dynamics (CFD) codes, typ-
ically in the form of static and/or dynamic derivatives, which
correspond to the quasisteady aerodynamic stiffness and quasi-
steady aerodynamic damping matrices, respectively. Panda5

and Suryanarayan et al.6 developed an extension of the RFA
studied by Roger,1 which allows for the separation of the un-
steady aerodynamics into quasisteady terms and terms repre-
sentative purely of the lag effects associated with the unsteady
wake. This approximation was termed the pure lag approxi-
mation. The earlier approximations1– 3 were not amenable to
such an interpretation. The pure lag approximation has been
further extended by Mujumdar and Balan7 to a multiple-order
pole form. The advantages of the pure lag representation, cou-
pled with the large saving in the number of aerodynamic lag
states for a given � t accuracy afforded by the CMS approxi-
mation, make it a prime candidate for extension to the pure
lag case. It is the aim of this Note to develop a pure lag min-
imum-state (PLMS) approximation and demonstrate its advan-
tages compared with the CMS approximation.

Pure Lag Minimum-State Approximation
The CMS approximation to the matrix of generalized un-

steady aerodynamic in� uence coef� cients Q(s̄ ) for unit dy-
namic pressure is described by the equation

2 2 1Q(s̄) ’ A 1 A s̄ 1 A s̄ 1 D(s̄I 2 R) Es̄ (1)0 1 2

where R is a diagonal matrix of lag poles, of dimension Na 3
Na, D and E are, in general, nonsquare matrices of appropriate
dimension, and s̄ is the nondimensionalized Laplace variable
s̄ = ls, with l = b/U`, b being a reference length and U` being
the freestream velocity.
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Fig. 1 Variation of � t error with number of lag states.

An examination of the � rst and second derivatives of the
CMS approximation with respect to s̄ illustrates the inability
of this approximation to fully decouple quasisteady and un-
steady aerodynamic terms. Differentiating Eq. (1) with respect
to s̄ yields

­Q
21 21’ A 1 2 s̄A 1 D(s̄I 2 R) [I 2 s̄(s̄I 2 R) ]E (2)1 2

­s̄

whereas a second differentiation with respect to s̄ yields

2­ Q
2 2 2 1’ 2A 1 2D(s̄I 2 R) [s̄(s̄I 2 R) 2 I ]E (3)22­s̄

In particular, the � rst and second derivatives of Q(s̄ ) may
be written at zero reduced frequency, in the form

2­Q ­ Q
2 1 22’ A 2 DR E ’ 2A 2 2DR E (4)1 2U U2­s̄ ­s̄¯ ¯s=0 s=0

The � rst derivative of the unsteady aerodynamic matrix at zero
reduced frequency is the quasisteady aerodynamic damping
matrix, and twice the second derivative at zero reduced fre-
quency is termed the aerodynamic inertia matrix, by analogy
with the incompressible case.

An examination of Eqs. (1) and (4) reveals that the lag terms
in the approximation contribute to the � rst and second deriv-
atives of the unsteady aerodynamic matrix, and thereby to the
quasisteady aerodynamic effects. The main disadvantage of the
CMS approximation is its inability to decouple the quasisteady
and pure lag terms. This disadvantage has important repercus-
sions, particularly from the point of view of dynamic resid-
ualization.6

For the quasisteady aerodynamic damping matrix to be
given as A1 and the aerodynamic inertia matrix to be given as
A2, the terms DR21Es̄ and DR22Es̄ 2 may be added to the right-
hand side of Eq. (1). The resulting equation after simpli� cation
suggests an approximation of the form

2 2 1 3Q(s̄) ’ A 1 A s̄ 1 A s̄ 1 D(s̄I 2 R) Es̄ (5)0 1 2

Equation (5) de� nes the PLMS approximation. The vector
of aerodynamic lag states for this approximation is de� ned by
the equation

2 1 2j (s̄) = (s̄I 2 R) Es̄ j(s̄ ) (6)a

where j(s̄ ) is the vector of generalized coordinates in the La-
place domain. The equations of motion of the aircraft may be
written in the time domain in the form

2 ¨ Ç(M 2 l P A )j 1 (C 2 lP A )j 1 (K 2 P A )jdyn 2 dyn 1 dyn 0

Ç= lP Dj 1 F(t) (7)dyn a

where M, C, and K are the modal generalized mass, damping,
and stiffness matrices, respectively; Pdyn is the dynamic pres-
sure; and F(t) is some external forcing function.

The method of computation of the coef� cient matrix A0 is
identical for the CMS and PLMS approximations. The matrices
A1 and A2 are, however, computed by different methods in the
two approximations. In the CMS approximation, these matri-
ces are computed either through constraining the real and
imaginary parts of the approximation to be exactly equal to
the tabulated values at, in general, two different reduced fre-
quency locations,2 or through inclusion as additional variables
to be computed through the iterative nonlinear least-squares
technique8 used to compute the matrices D and E. The sub-
stantial increase in computational costs in the case of the latter
alternative has prompted the investigation of techniques to re-

duce the cost of these computations.8 It is signi� cant to note
that the PLMS approximation does away with the need for
such techniques and also simpli� es the incorporation of quasi-
steady aerodynamic data obtained through wind-tunnel tests or
CFD codes into the approximation, because the computation
of A1 and A2 in these approximations is carried out using the
values of Q(s̄) and its � rst and second derivatives at s̄ = 0,
using the equations

2­Q 1 ­ Q
A = Q(0), A = lim , A = lim (8)0 1 2 2

¯ ® ¯ ®­s̄ 2 ­s̄s 0 s 0

A0, A1, and A2 can thus be computed if the values of Q(s̄ ) are
known at enough points in the vicinity of s̄ = 0 for the accurate
numerical evaluation of the derivatives occurring in Eq. (8).
Thus, a small change in the form of the approximation leads
to considerable simpli� cation in the explicit incorporation of
quasisteady aerodynamic parameters obtained through other
techniques, such as wind-tunnel tests and/or CFD codes.

Results
The numerical example considered in the present study in-

volves unsteady airloads typical of the longitudinal motion of
a delta wing � ghter aircraft, over a frequency range that in-
cludes the � rst three symmetric elastic modes of the aircraft,
and is the same as the numerical example considered by Mu-
jumdar and Balan.7 The aircraft is modeled with seven degrees
of freedom comprising two rigid modes, four elastic modes,
and one symmetric control surface mode. The modal gener-
alized unsteady airloads were computed using the doublet-lat-
tice method for unit dynamic pressure assuming symmetric
level � ight at sea level, for M = 0.9, at 25 equally spaced
reduced-frequency locations in the = 0.0 – 0.3 range. Thek̄
matrix A0 was computed as the value of the unsteady aero-
dynamic matrix at = 0, whereas the derivative computationsk̄
required for the calculation of A1 were carried out using a � nite
difference procedure. Converged values for the elements of A1

were obtained for � nite difference computations with a step
size of 0.0005. The multiple-order pole pure lag RFA (Ref. 7)
with NL = 4 was used to compute A2 for the present numerical
example.

Figure 1 shows a comparison of the � t errors obtained using
the CMS and PLMS approximations after 150 D-E-D itera-
tions. The lag pole values in both cases were chosen as suc-
cessive integral multiples of 20.2. Both approximations in Fig.
1 show comparable errors, thereby establishing the validity of
the PLMS approximation. For the sake of comparison, Fig. 1
also shows � t errors obtained using the simple-pole pure lag
rational function approximation,7 whereby it is clear that the
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Fig. 2 Variation of three-term reconstruction for element Q33

with reduced frequency.

minimum-state approximations provide a much better tradeoff
between � t accuracy and state vector dimension than other
RFAs.

The nonmonotonic nature rate of fall of � t error with num-
ber of D-E-D iterations, as reported by Karpel,2 was also ob-
served in the case of the PLMS approximation. However, the
two approximations required a different number of D-E-D it-
erations to arrive at the same level of � t error for the same
number of aerodynamic lag poles. This phenomenon necessi-
tates special care in comparing the two approximations. How-
ever, the � rst plateau in the curve of � t error vs number of D-
E-D iterations was almost always reached before 150 iterations
in both approximations.

To bring out the differences in the interpretation of A0, A1,
and A2 in the two approximations, the curve � ts for both ap-
proximations were � rst carried out using six lag poles each.
After computation of the coef� cient matrices, the Q ij were re-
constructed using only the � rst three of these matrices, A0, A1,
and A2. As a typical illustration, Fig. 2 shows the variation of
Q33 with reduced frequency using such a reconstruction. Itk̄
is obvious from Fig. 2 that such a reconstruction using the
CMS approximation does not agree with the actual values,
even over a limited range of reduced frequency, in contrast to
that obtained using the PLMS approximation, which matches
well with the frequency domain values. This is because the
CMS approximation is consistent only in its totality and has
component terms that lack physical consistency. However, in
the PLMS approximation, the quasisteady and pure lag terms
are decoupled. Similar trends were observed for other elements
of the unsteady aerodynamic matrix as well. The pure lag
curves in Fig. 2 also allow for the establishment of the domain
of validity of the quasisteady approximation for various ele-
ments of the unsteady aerodynamic matrix. In particular, the
quasisteady approximation is valid for element Q33 up to
around = 0.2. The PLMS approximation thus provides a fa-k̄
cility to progressively increase the range of validity of the
approximation by the addition of more terms, starting from a
one-term approximation. The CMS approximation does not
provide this feature.

Conclusions
A PLMS approximation has been developed from the CMS

approximation for unsteady aerodynamic loads. The new form
of the approximation decouples quasisteady and pure lag
terms and allows for direct incorporation of quasisteady wind-
tunnel or CFD data into the approximation, in contrast to a
more computationally elaborate method through incorporation
of constraints, as carried out in the CMS approximation. It is

also easier to carry out model order reduction through dynamic
residualization in a consistent manner through the use of the
PLMS approximation, because of the quasisteady aerodynamic
damping matrix being characterized by a single coef� cient ma-
trix in the new approximation. Results obtained for the PLMS
approximation demonstrate its utility as well as its advantages
over the CMS approximation.

References
1Roger, K. L., ‘‘Airplane Math Modeling Methods for Active

Aeroelastic Control,’’ CP-228, AGARD, Aug. 1977.
2Karpel, M., ‘‘Design for Active Flutter Suppression and Gust Al-

leviation Using State-Space Aeroelastic Modeling,’’ Journal of Air-
craft, Vol. 19, No. 3, 1982, pp. 221 – 227.

3Morino, L., Mastroddi, F., De Troia, R., Ghiringhelli, G. L., and
Mantegazza, P., ‘‘Matrix Fraction Approach for Finite-State Aerody-
namic Modeling,’’ Journal of Aircraft, Vol. 32, No. 4, 1995, pp. 703
– 711.

4Karpel, M., ‘‘Reduced Order Aeroelastic Models via Dynamic Re-
sidualization,’’ Journal of Aircraft, Vol. 27, No. 5, 1990, pp. 449 –

455.
5Panda, K., ‘‘Development of Reduced Order Aeroelastic Models

for ASE Analysis of Flexible Fighter Aircraft,’’ Ph.D. Dissertation,
Dept. of Aerospace Engineering, Indian Inst. of Technology, Bombay,
India, 1995.

6Suryanarayan, S., Panda, K., and Prakash, B. G., ‘‘Extraction of
Inherent Aerodynamic Lag Poles for the Time Domain Representation
of Modal Unsteady Airloads,’’ AIAA Paper 93-1591, April 1993.

7Mujumdar, P. M., and Balan, N., ‘‘Multiple Order Pole Pure Lag
Rational Function Approximations for Unsteady Aerodynamics,’’
Journal of Aircraft, Vol. 32, No. 2, 1995, pp. 334 – 343.

8Karpel, M., and Strul, E., ‘‘Minimum-State Unsteady Aerodynamic
Approximations with Flexible Constraints,’’ Journal of Aircraft, Vol.
33, No. 6, 1996, pp. 1190 – 1196.

Control of Leading-Edge Vortices
with Suction
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Introduction

S EVERAL control techniques have been applied to control
leading-edge vortices over delta wings at high angle of

attack. The purposes of these control techniques are to in� u-
ence the strength and structure of the vortices, to generate roll-
ing moment, and to delay vortex breakdown. The application
of suction offers advantages over other methods because of its
simplicity. The earliest application of suction for vortex control
is reported by Werle,1 who demonstrated a delay of vortex
breakdown by applying suction along the vortex axis. Par-
menter and Rockwell2 conducted similar experiments and de-
scribed the transient response of vortices to suction.

Because the vorticity of the leading-edge vortices originates
from the separation point along the leading edge, control of
development of the shear layer by blowing/suction has been
chosen as a control strategy in several investigations. Wood et
al.3 and Gu et al.4 applied blowing and suction in the tangential
direction along a rounded leading edge. These studies showed
that a rounded leading edge can alter the location of separation
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